A large value of the leptonic Dirac CP phase can arise from broken democracy, where the mass matrices are democratic up to small random perturbations. Such perturbations are a natural consequence of broken residual S3 symmetries that dictate the democratic mass matrices at leading order. With random perturbations, the leptonic Dirac CP phase has a higher probability to attain a value around ±π/2. Comparing with the anarchy model, broken democracy can benefit from residual S3 symmetries, and it can produce much better, realistic predictions for the mass hierarchy, mixing angles, and Dirac CP phase in both quark and lepton sectors. Our approach provides a general framework for a class of models in which a residual symmetry determines the general features at leading order, and where, in the absence of other fundamental principles, the symmetry breaking appears in the form of random perturbations.
Introduction
Flavor mixing has been observed in both quark and lepton sectors. Theoretically, there are two basic approaches in explaining the mixing patterns. One is top-down by assigning some full flavor symmetry to constrain the fundamental Lagrangian. However, the full flavor symmetries have to be broken, otherwise the up-and down-type fermions would be subject to the same flavor structure in their mass matrices and hence we obtain the same mixing matrices, V u = V d , leading to a trivial physical mixing matrix, V CKM = V † u V d = I. If the mixing pattern is really determined by symmetry, it has to be a residual symmetry that survives symmetry breaking. The reverse of the top-down logic is the bottom-up phenomenological mass matrix approach [1] [2] [3] [4] [5] . By reconstructing the residual symmetries in both up-and down-type fermion sectors [6, 7] , the full flavor symmetry can be obtained as a product group [8] [9] [10] .
Approximate democratic matrix is known as an interesting possibility to explain the large hierarchy in quark masses and the small CKM mixing angles when applied to both up-and down-type quarks. If one applies this hypothesis to the lepton sector for both charged leptons and neutrinos, with the help of residual S 3 symmetries, one may get small lepton mixing angles which is strongly excluded experimentally. However, it was pointed out that if we assume almost diagonal mass matrix for neutrinos we obtain large lepton mixing angles [4, 5] . A natural consequence is that V CKM has only 1-2 mixing while V PMNS can have at least two large mixing angles at leading order, as we would elaborate in Sec. 2. The democratic matrix can also explain the mass hierarchies among charged fermions, with m 1 = m 2 = 0. To accommodate nonzero fermion masses and to get a better fit for observed mixing angles, one needs deviations from the democratic matrix which break the residual S 3 symmetries. With residual S 3 symmetries broken, there is no fundamental principle to regulate the deviations. A natural approach is to assume that small random perturbations make the mass matrix different from the democratic form. This approach is different from the anarchy model, where the mass matrix can be totally free of any constraint [23, 24] . We will elaborate our predictions for both neutrino (see Sec. 3 and Sec. 4) and quark mixings (see Sec. 5).
Democratic Mass Matrix Hypothesis -Preliminary
The democratic pattern of mass matrix can be realized by applying two independent residual S L 3 and S R 3 symmetries to the left-and right-handed fermions. Then the fermion mass matrix in a natural basis looks like
where M 0 characterizes the mass scale [4, 5, . Its diagonalization involves two mixing matrices for the left-and right-handed
} is the diagonalized mass matrix and V L (V R ) is the mixing matrix of left-handed (right-handed) fermions.
The democratic mass matrix form (2.1) applies for all fermions, except the neutrinos. This can be naturally realized with SO(3) L × SO(3) R flavor symmetries [5] . The three generations of leftand right-handed fermions form triplets under SO(3) L and SO(3) R transformations, respectively. Similarly there are two triplet flavons φ L and φ R , correspondingly. Then, two invariants can be written down to form a Yukawa term
if the triplet Higgs obtains equal vacuum expectation values for the three components, φ L,R ∝ (1, 1, 1), leading to the democratic mass matrix (2.1) for charged fermions. For neutrinos, its mass term can be given by Weinberg-Yanagida operator [52, 53] 
Note that these two fermions belong to the same SO(3) L triplet whose product decomposes as 3 × 3 = 1 + 3 + 5. Of the three decomposed representations, the triplet 3 has anti-symmetric Clebsch-Gordan coefficients which is not consistent with the Majorana neutrino mass matrix. The other two, 1 and 5, can give symmetric Majorana neutrino mass matrix. The singlet contribution is proportional to a unit matrix and for the 5 representation we adopt two scalar multiplets with
to give diagonal neutrino mass matrix. Altogether, the 1 and 5 representations give a diagonal neutrino mass matrix with the three mass eigenvalues being free.
f also takes the same form as (2.1), but with M 0 replaced by 4) which is the most general form of the solution. For convenience, we denote the mixing angle among the states of degenerated mass eigenvalues m 1 = m 2 = 0 as (c T , s T ) ≡ (cos θ T , sin θ T ), to which a Dirac-type CP phase φ is attached. In addition, there are three free rephasing degrees of freedom α i with i = 1, 2, 3 that are attached to the three mass eigenvalues. It is interesting to observe that the democratic mass matrix leads to hierarchical mass eigenvalues.
Since the same democratic mass matrix applies to both up-and down quarks, the CKM matrix naturally has suppressed 1-3 and 2-3 mixings,
For cleanness, we have omitted the two rephasing matrices R u and R d . The combined 1-2 mixing takes the form as For the neutrino sector, (2.4) is already the form for the PMNS matrix,
assuming the neutrino mass matrix is diagonal, i.e., V ℓ = I. Comparing with the standard parametrization of the PMNS matrix we can obtain
The mixing angles have been denoted as (θ a , θ r , θ s ) ≡ (θ 23 , θ 13 , θ 12 ) for the atmospheric, reactor, and solar angles, respectively, to make their physical meaning explicit. Since there are two model parameters but four physical quantities in (2.8), two correlations (also called as sum rules) would emerge,
Essentially the atmospheric angle θ a and the Dirac CP phase δ D can be predicted as functions of the reactor and solar angles, θ r and θ s , which is in the same spirit as residual symmetries [11] [12] [13] .
Due to the degenerate mass eigenvalues m 1 = m 2 = 0, the Dirac CP phase δ D and the mixing θ 12 have no physical consequence. Nevertheless, we can still obtain some insight by playing these sum rules with the experimentally measured values as a preliminary exercise. Since the reactor angle is small, s r ≈ 1/6, the atmospheric angle naturally lives in the second octant, θ a ≈ 54
• . On the other hand, the fact that cos δ D cannot actually exceed 1 puts a natural limit on the solar mixing angle
with s r ≪ c r . Namely, the solar angle θ s would also reside in the second octant to allow a physical Dirac CP phase and a small reactor angle, which is not consistent with our current knowledge on the neutrino mixing angles. It is necessary to introduce deviation to the democratic mass matrix (2.1) as we will discuss in the following section. Deviation is also necessary for eliminating the two vanishing mass eigenvalues, m 1 = m 2 = 0.
Random Perturbations
As we argued above, to account for a realistic mass hierarchy with nonzero mass eigenvalues and the measured mixing patterns, the democratic mass matrix can only be approximate one. We would effectively break the residual S L 3 and S R 3 symmetries. Since these two S 3 symmetries are already residual ones, there is no reason to expect anything that can still regulate the deviations. A natural scheme is that these deviations are totally random. In addition, the deviations should not be too far away from the zero's order which can also fit the measured neutrino and quark mixings quite well. Consequently, the deviations should be small random perturbations.
Generally, the mass matrix (2.1) becomes 
by introducing a complex perturbation ǫ ij e iφ ij to the (ij) element of the mass matrix,
+δM ij . The flat measure of the deviations looks like
and M (i) ij are the real and imaginary parts of the deviations, respectively. We assign 0 ≤ ǫ ij ≤ ǫ max and 0 ≤ φ ij ≤ 2π for a random scattering. In Fig. 1 , we show the predicted neutrino mixing for ǫ max = 0.2 (medium) and 0.4 (thick). For comparison, we also show the prediction of mixing angles and the Dirac CP phase from the anarchy mass matrix [24] as thick curves with different colors.
The quasi democratic matrix can naturally explain the hierarchical structure in fermion masses. At the leading order, the three mass eigenvalues are m 1 = m 2 = 0 and m 3 = M 0 . Introducing random perturbations can break the degeneracy between m 1 and m 2 and at the same time broaden the m 3 peak. The larger ǫ max , the broader mass peaks. In Fig. 1 we show predictions for both ǫ max = 0.2 and 0.4. An even larger ǫ max would lead to more diverse mass eigenvalues and hence more unrealistic mass hierarchy. For comparison, the prediction of the anarchy mass matrix scheme is modulated by the mass eigenvalues themselves, (m
, which is symmetric under the interchange of any two mass eigenvalues. In other words, there is no preference for the mass hierarchy in the anarchy mass matrix. The quasi democratic mass matrix leads to a much more realistic prediction of the mass hierarchy.
It is interesting to observe that the predictions for the mixing angles and the Dirac CP phase are quite stable against changing the perturbation size. In other words, our prediction of the CP phases are not that sensitive to the cut-off we set on the perturbation size. This stability feature has already been observed and quantified in the anarchy model [24] .
The predicted mixing angles have wide distributions. However, the predictions of the three mixing angles clearly have different features. The atmospheric angle θ a tends to peak around the maximal value, θ a ≈ 45
• while its tail is highly suppressed on both sides, naturally explaining the measured large value of it. In comparison, the reactor angle θ r tends to have a fat tail for small values, which is in accordance with its measured value θ r ≈ 8.4
• [54]. Both θ a and θ r have asymmetric distributions and an upper bound around 60
• . On the other hand, the solar angle θ s has a symmetric probability distribution with peak at long tail on both sides. Hence, we would expect a natural hierarchy among the mixing angles, θ r θ s θ a , if all three are in the first octant. This overall picture is quite different from the prediction of the anarchy model where θ a and θ s have exactly same symmetric distribution while θ r has an asymmetric distribution with peak in the first octant. The democratic mass matrix with random perturbations can provide a better prediction than the anarchy model [24] .
Most notably, introducing random perturbations to the democratic mass matrix produces two prominent peaks in the probability distribution of the Dirac CP phase around maximal values, δ D ≈ ±90
• , one of which is in perfect agreement with the current global fit [54] . In comparison, the anarchy model has no preference for any value of δ D which appears as a flat curve in the right panel of Fig. 1 We use the illustrative Fig. 2 to show how these two CP peaks appear as a natural consequence of the random perturbations. For each element of the fermion mass matrix, there are two regions with small CP violation (one of which labeled as blue sector) and two regions with large CP violation (one of which labeled as green sector). For simplicity, we consider only these two extreme cases. Suppose the probability for small and large CP violation in each element is P s and P l , respectively. Since we have omitted the intermediate regions, there is no need to require probability conservation, P s + P l ≤ 1. The physical Dirac CP phase δ D comes from the interplay of CP phases in all matrix elements. If a random large CP appears in every element of the mass matrix, it is very difficult for the physical Dirac CP phase to be small which can only happen when all the CP phases φ ij and the matrix element size ǫ ij are highly fine tuned to cancel each other. Consequently, a small Dirac CP phase usually appears when all the matrix elements have small CP. The probability for small δ D is of the order P 9 s . In contrast, it is enough to have large Dirac CP phase if one of the matrix element has a large CP. So the probability for large δ D can be roughly estimated as 9P l . The factor that P s < 1 naturally leads to P 9 s ≪ 9P l , in other words, there is much larger probability for maximal Dirac CP phase than the vanishing one. To make it explicit, we show predictions of the Dirac CP phase distributions with randomly selected input phases φ ij in Fig. 3 . For each curve, we randomly select n of the 9 input phases. The value of the selected phase φ ij is randomly sampled in the range [0, 2π] while those unselected are set to be zero. We can clearly see the trend that with more input CP phases randomly sampled, the Dirac CP phase is easier to have large value.
Comparison with Measurements
In principle, the prediction of our model should come from unbiased sampling of the mass matrix element as we have shown in the previous section with even distributions according to the flat measure ǫ ij dǫ ij dφ ij . If the flavor mixing pattern is really determined by dice, the values of the mixing parameters are determined once for all and our current knowledge from experimental measurements would not affect their probability distributions. Anyhow, to make the features of our predictions more explicit, we show some interesting features by constraining the most precisely measured reactor angle θ r , as shown in Fig. 4 . The most significant effect of constraining the reactor angle θ r appears in the predictions of mixing angles and the Dirac CP phase. In particular, the distributions of θ a and θ s shrink a lot and hence they are more predictive. As consistent to the zeroth order sum rule (2.9), the atmospheric angle θ a now resides in the second octant which can be readily tested by future measurements. For the solar angle θ s , although it is still symmetric around the maximal value, its distribution also significantly shrinks while the true value θ s ≈ 34.5
• is still covered with sizable probability. On the other hand, the CP probability only has weak preference for maximal CP violation now. The tendency of having large cos δ D for a small reactor angle sin θ r ≈ 1/6 as demonstrated by (2.9) cancels the preference of large CP induced by the democratic mass matrix with random perturbations as explained in the previous section. However, the CP phase distribution in Fig. 4 is not worse than the anarchy model prediction.
Quark Mixing
The democratic mass matrix with random perturbations can not only explain the neutrino mixing but also the quark mixing. As demonstrated in Sec. 2, the quark mixing has naturally suppressed θ 13 and θ 23 while the θ 12 can take any value, see (2.5). To make it exact, the measure of the T u and
By randomly sampling θ T,u , θ T,u , and φ u − φ d , we obtain a distribution of θ 12 , shown as a purple solid line in Fig. 5 . At leading order, the θ 12 tends to have large value with peak at 90
• . Note that this is just a preliminary result as explained in Sec. 2 and the prediction can be improved by random perturbations as we discuss below. Introducing random perturbations to the democratic mass matrix (2.1) can naturally produce nonzero θ 13 and θ 23 as shown in Fig. 5 . Since there is degeneracy between the two lightest mass eigenvalues, namely there is no difference between them, θ 13 and θ 23 have exactly the same probability distribution. The spread of of θ 13 and θ 23 distributions is closely related to the perturbation size. This is closely related to the quark mass distribution which takes exactly the same form as the charged lepton mass distribution in Fig. 1 . In other words, the hierarchical mixing in the quark sector is closely related to the quark mass hierarchy. On the other hand, θ 12 has wide symmetric distribution around the maximal value 45
• which is already significantly improved. In addition, the distribution of θ 12 is actually independent of θ 13 and θ 23 as indicated by the zeroth-order analysis in Sec. 2, in contrast to the lepton case. For the CKM CP phase, its distribution is almost flat with weak preference of zero value. Although sampling multiple input CP phases in a single mass matrix can enhance the probability of large physical CP phase, the combined prediction from two mass matrices cancels any preference. , and hence dU CKM = dU PMNS , which we have also checked by numerically sampling the up and down quark mixings. The democratic mass matrix with random perturbations gives a much better prediction than the anarchy model, especially for θ 13 and θ 23 .
For quark mass matrices, the predictions of broken democracy can depend on the energy scale at which the symmetry is broken, because renormalization group running of couplings can alter and amplify the symmetry breaking effects. This is in contrast with the case of neutrino masses and mixings, where the effects of running are small due to the smallness if the symmetry breaking Yukawa couplings.
Conclusions
We have considered a broken democracy model with residual S 3 symmetries to dictate democratic mass matrices for both up and down quarks as well as for charged leptons. This naturally explains why the CKM matrix has only a sizable 1-2 mixing while the PMNS matrix can has two large mixing angles. In addition, this assignment also leads to massless quarks and charged leptons in the first two generations. To account for the measured values of neutrino mixing angles and the nonzero fermion masses, the residual S 3 symmetries have to be broken. Since the residual symmetry is already the one that survives symmetry breaking by definition, there is no other fundamental principle but random deviations to regulate the mass matrices after the residual S 3 symmetries are broken. With the general features fixed by residual symmetries at leading order, the random deviations can only be perturbative. Our broken democracy model with residual S 3 naturally leads to a large leptonic Dirac CP phase with two peaks around ±π/2, in addition to the realistic mixing patterns and mass hierarchy in both quark and lepton sectors.
We have assumed in this paper that the neutrino mass matrix is diagonal (V ℓ = I). The neutrino masses are given by the Weinberg-Yanagida operator [52, 53] However, even if we choose the first matrix for the neutrinos, we have a problem. This is because this choice predicts the degenerate masses for the neutrinos which is strongly disfavored by the observations. Therefore, we need a large violation of the S L 3 symmetry. As shown in Sec. 2, this problem may be solved in a model based on the SO(3) L × SO(3) R symmetry [5] .
